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ABSTRACT 
On the basis of improved values of the energy-generation function 
and the opacity function that have become available in recent years, 
evolutionary model sequences of main-sequence stars for the mass 
range log M/M,= 0.20 to 0.85 have been computed. The calibration of 
the Hertzsprung-Russell diagram, in t e rms  of age and mass for main- 
sequence B and A stars, presented in this paper was derived from the 
results of these evolutionary model sequence calculations. 
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STELLAR EVOLUTION I 
DIAGRAM IN TERMS OF AGE AND MASS FOR 
CALIBRATION OF THE HERTZSPRUNG-RUSSELL 
MAIN-SEQUENCE B AND A STARS* 
by 
T. Kelsall 
Goddard Space Flight Center 
and 
Bengt Stromgren 
Institute for  Advanced Study 
INTRODUCTION 
Early calculations of evolutionary model sequences for  main-sequence B and A stars were 
carried out by Tayler; Kushwaha; Blackler; Henyey, LeLevier and Levee; Haselgrove and Hoyle; 
and Hoyle (References 1 through 6). In recent years, improved values of the energy-generation 
function, E (p, T), and the opacity function, K (p, T), have become available through the efforts of 
Caughlan and Fowler (Reference 7); Reevest ; Cox$; and Arking and Herring**. On this basis, 
Kelsall*** has computed evolutionary model sequences of main-sequence stars for the mass range 
log M/M, = 0.20 to 0.85. These calculations w e r e  made for six different initial compositions, 
X, Y and Z. 
The calibration of the Hertzsprung-Russell diagram in t e rms  of age and mass for main- 
sequence I3 and A stars presented in this paper was  derived from the results of the Kelsall evo- 
lutionary model sequence calculations. In this work, the energy-generation function E (p, T) was 
taken as the sum of the <-values for the proton-proton process and the CNO-cycle. For the larger 
masses the CNO-cycle contribution is much higher than the proton-proton contribution. It was 
assumed that the relative abundances of the carbon, nitrogen and oxygen isotopes were those 
reached in equilibrium at the relevant temperature. The relative mass of N14 was taken as 0.6Z 
where Z is the relative mass of the heavy-element group (all elements except hydrogen and helium) 
The opacity function K ( P ,  T) was computed according to the procedure described by COX except that 
*Supported in part by a grant from the National Science Foundation and in part by the U. S. Office of Naval Research (Contract Nonr 
tReeves,  H. ,  To be published by University of Chicago Press  in Stellar Structure, Stars and Stellar Systems, Vol. 8 ,  Cbapt. 2 in 1965. 
$Cox, A., To be published by University of  Chicago Press in Stellar Structure, Stars and Stellar Systems, VoI. 8 ,  Chapt. 3, in 1965. 
1858). 
**Arking, A., and Herring, J . ,  Unpublished, but summarized in Publications of the Astronomical Society of the Pacific,  Vol. 75, no. 
444, pp 226-235, June 1963. 
***Kelsall, T., Unpublished report (1965). 
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the absorption line contribution to the opacity was taken from the investigation by Arking and 
Herring. For a series of combinations of X, Y and Z covering the range encountered in the stellar 
model calculations, tables of the opacity due to continuous absorption and scattering, as functions 
of the density p and the temperature T, were computed with the Los Alamos high-speed computer 
code. Corrections to allow for the line effect according to Arking and Herring were applied to 
these values. For the stellar model calculations, the opacity tables were stored in the computer 
memory, and the values of the opacity were obtained as required through computer interpolation 
in the tables. 
ASSUMPTIONS AND CONDITIONS 
For the mass range considered, all models have a convective core, and there is radiative 
equilibrium everywhere outside the convective core. Complete mixing of the stellar material was 
assumed within the convective core, and outside the convective core the effect of mixing was taken 
to be negligible. Following Harm and Schwarzschild (Reference 8), the dT/dr - dP/dr condition 
for convective instability, valid in a chemically homogeneous medium, was assumed to hold in the 
zone with continuously varying chemical composition that surrounds the convective core. 
Evolutionary tracks through the hydrogen-burning phase were calculated for log M/M, values 
of 0.20, 0.25, 0.45, 0.65 and 0.85. For each mass, they were made for the six initial chemical 
















In the choice of the initial chemical compositions, we were guided by the results of previous dis- 
cussions of relative abundances in young population I stars (References 4 and 5, and 9 through 13). 
The question of the initial values of X, Y and Z for the solar interior has been discussed by 
Osterbrock and Rogerson (Reference 14) and by Gaustad (Reference 15). Utilizing information on 
abundances within the heavy-element group in solar cosmic rays (Reference 16), Gaustad derived 
Z/X = 0.028 and found X = 0.72, Y = 0.26, and Z = 0.02. Following Gaustad in adopting 
Z/X = 0.028, Sears (Reference 17) derived X = 0.71, Y = 0.27, Z = 0.02, while Demarque and 
Percy (Reference 18) found X = 0.70, Y = 0.28, Z = 0.020 corresponding to Z/X = 0.028. 
Comparison of the atmospheric abundances of metals relative to hydrogen in the sun on the 
one hand and young population I stars on the other (References 19 through 21) suggests that the 
relevant range of Z for  young population I stars is 0.02 to 0.04. With regard to the relative helium 
2 
content, Y, for these stars it would be expected to be larger than, o r  equal to, the value for the 
sun (i.e., Y-2 0.26). The ratio Y/Z should be smaller than, o r  equal to, the solar value (i.e., 
Y/Z 14). Also, since we expect Z 2 0.04 and Y >= 0.26, we presume that Y/Z >= 6.5. 
For each set of values (M; X, Y, Z) an evolutionary model sequence was computed with time 
steps corresponding to values of the relative hydrogen content in the convective core, X,, as 
given below: 
For  initial X = 0.70: X, = 0.70, 0.60, 0.50, 0.40, 0.30, 0.20, 0.10 
For initialx = 0.60: X, = 0.60, 0.50, 0.40, 0.30, 0.20, 0.10 
RE SU LT 0 F H E RT ZSP RU N G - R U S S E L L D I A G R A M C A LC U LA TI 0 N S 
The evolutionary tracks for  the last part  of the hydrogen-burning phase when X, < 0.05 show 
complications that are absent for  the part  covered by the calculations presented here (References 
22 and 23). The tracks for very small X, will be discussed separately by Kelsall in a future pub- 
lication. In neglecting the influence of the complications in question on the age calibration, we 
commit e r r o r s  that are quite small statistically, since, first of all the relative lifetime corre- 
sponding to X, < 0.05 is only a few percent of the total main-sequence lifetime and, secondly, the 
deviations of evolutionary tracks in the Hertzsprung-Russell diagram obtained by smooth extra- 
polation beyond X, = 0.1 from the true tracks are never large. 
The result of the calculations of the evolutionary tracks in the Hertzsprung-Russell diagram 
are given in Table 1. In constructing this table, third-order polynomial interpolation between the 
directly computed values for mass range, log M/M,, equal to 0.25, 0.45, 0.65, 0.85 was utilized 
to produce log T, , M b o l ,  and log(Age) with the interval of 0.05 in log M/Mo. Checks against 
directly computed values indicate that the inaccuracies introduced through the interpolation process 
are at most about two units in the last decimal place given in the table. The tabular values a r e  
given to 3 decimal places in log T, and 2 decimal places in Mbol in order to reduce the rounding 
e r r o r s  in the use of the tables to an insignificant amount. 
For each initial chemical composition, Table 1 gives as a function of log M/M, and X,, the 
corresponding stellar age reckoned from the start of hydrogen burning, the logarithm of the 
effective temperature T,, the bolometric magnitude Mbol , and, finally, the quantity AMbol which 
is defined as the difference between the bolometric magnitude on the zero-age line corresponding 
to T, and the actual bolometric magnitude Mbol . 
The numerical material for the calibration of the Hertzsprung-Russell diagram in t e rms  of 
mass  and age for main-sequence B and A stars is all contained in Table 1. For any of the six 
initial chemical compositions covered by the table, the age and the mass can be found from given 
values of Mbol and log T, through backward interpolation. Since the network of Table 1 is 
sufficiently dense for linear interpolation to yield quite satisfactory accuracy the numerical process 
in question is simple. 
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Table 1 
Result of Calculations of Evolutionary Tracks in Hertzsprung-Russell Diagram. 





























Xc = 0.50 
Age 









































Xc = 0.30 
318 3.984 +1:18 
237 4.019 +0.68 
177 4.053 +0.19 
133 4.087 -0.30 
100 4.120 -0.78 
76 4.152 -1.26 
58 4.183 -1.73 
45.1 4.214 -2.19 
35.0 4.244 -2.64 
27.4 4.274 -3.08 
21.7 4.303 -3.52 
17.4 4.331 -3.95 





































































xp = 0.10 
Age 


































































































































Table 1 (continued) 
86 -4.39 1.03 



























































3.977 +1:49 0:19 
4.012 +0.99 0.21 
4.047 +0.50 0.21 
4.082 +0.01 0.21 
4.116 -0.47 0.22 
4.148 -0.94 0.23 
4.181 -1.41 0.23 
4.212 -1.87 0.23 
4.243 -2.33 0.23 
4.273 -2.78 0.23 
4.302 -3.21 0.22 
4.330 -3.64 0.22 
4.358 -4.06 0.22 















































































































































































































































Table 1 (continued) 








































































I I 31.7 25.2 0.85 20.2 



















































































xc = 0.10 































x, = 0.20 













logTe M b o l  





































































Table 1 (continued) 




























































































































































































































































































































































Table 1 (continued) 




















































































X, = 0.40 
540 3.904 +1:96 
403 3.940 +1.45 
301 3.976 +0.94 
225 4.011 +0.44 
169 4.045 -0.06 
127 4.079 -0.55 
96 4.113 -1.03 
73 4.145 -1.51 
56 4.177 -1.99 
43.6 4.209 -2.45 
33.9 4.239 -2.91 
26.7 4.269 -3.36 
21.2 4.297 -3.80 



























































































































































































































































Table 1 (continued) 







































































Y = 0.26 2 = 0.04 
Xc = 0.60 . 























































































































































3.981 +2.16 0.29 
3.927 +1.65 0.34 
3.964 +1.14 0.35 
4.000 +0.63 0.37 
4.035 +0.14 0.38 
4.070 -0.36 0.40 
4.104 -0.85 0.42 
4.137 -1.33 0.44 
4.170 -1.81 0.45 
4.202 -2.28 0.44 
4.233 -2.74 0.44 
4.264 -3.19 0.45 
4.293 -3.64 0.46 













































































































On the basis of the numerical values given in Table 1, diagrams giving curves of equal mass  
and equal age in a log T, - Mbol plane have been constructed. Figures 1, 2, and 3 show the 








































The following discussion is based on the numerical data given in Table 1. Consider, first, 
the location of the zero-age line in the Hertzsprung-Russell diagram. Table 2 gives the zero-age 
lines through the tabulation of KO1 as a function of log T, for  the six different initial chemical 
compositions in question. Table 3 presents the zero-age line material arranged according to the 
relative hydrogen content X and the helium-metal ratio Y/Z. Comparison of the two pairs  of 
columns with equal Y/Z and different X shows, that to a high degree of approximation, the lo- 
cation of the zero-age line is a function of Y/Z only, independent of x, throughout the range of 
effective temperatures in question. 




Figure I-Curves of constant mass and constant age in  a M,,, - log T, plane (where X = 0.70, Y = 0.27, and 
Z = 0.03). The upper limit of the calibrated region corresponds to X, = 0.1. The region of hydrogen burning 
extends Om2 - Om3 beyond this limit. Curves of constant mass are shown for log M/M, equal to 0.25, 0.30, . . ., 
0.85. Curves of constant age are shown for log Age (years) equal to 7.00, 7.10, . . ., 8.90. 
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4.40 4.36 4.32 4.28 4.24 4.20 4.16 4.12 4.08 4.04 4.00 3.96 3.92 3.88 3.84 
LOGARITHM OF EFFECTIVE TEMPERATURE (log T,) 
Figure 2-Curves of constant mass and constant age in a hao,  - log T, plane (where X = 0.60, Y = 0.37, and 
Z = 0.g3). The upper limit of the calibrated region corresponds to Xc = 0.1. The region of hydrogen burning ex- 
tends 0.2 - 0.3 beyond this limit. Curves of constant mass are shown for log M/M, equal to 0.25, 0.30, . . . I  
0.85. Curves of constant age are shown for log Age (years) equal to 6.80, 6.90, . . ., 8.60. 
The last column of Table 3 contains the observed zero-age line derived in the form of a 
log T, - MboI relation from the observed relation between color index and M, with a temperature 
scale and bolometric corrections obtained on the basis of model-atmosphere calculations. As 
stated above, we expect Y/Z to f a l l  in the range 6.5 to 14. Comparison of the observed and the 
computed log T, - Mbol relations, as presented in Table 3, suggests that the representative value 
of Y/Z for young population I is closer to the lower limit 6.5 than to the upper limit. However, the 
variation of the location of the zero-age line with Y/Z is not large, and Y/Z cannot be very accu- 
rately determined in this fashion. Indeed, if  we choose the value Y/Z = 9 to represent the whole 
range of plausible Y/Z values, then we predict (without adjustment of any parameter) a zero-age 
line that agrees with the observed zero-age line, practically within the uncertainty of the latter; 
and the maximum uncertainty in the prediction due to the possible deviation of the actual Y/Z value 
from the chosen value is only about Om2. In this fashion we obtain a test of the computed zero-age 
models. The result is quite satisfactory. 
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Next, the mass-luminosity relation on the zero-age line for the different initial chemical 
compositions in question is considered. Table 4 gives M,, on the zero-age line as a function of 
log M/M, for six different chemical compositions that are arranged according to X and Y/Z. 
Whereas the location of the zero-age line in the Hertzsprung-Russell diagram is insensitive to X 























Sirius A is close to the zero-age line. With the values of Mbol and log M/Mo given by 
Harris, Strand and Worley (Reference 24), we find through projection on the zero-age line along 
the relevant evolutionary track given by Table 1 that the zero-age value of Mbol corresponding 
to the mass of Sirius A (log M/M, = 0.33) is f 2 .  With Y/Z = 9.0, we then find from Table 4 a 















For a number of spectroscopic binaries for which the mass, the effective temperature and the 






LOGARITHM OF EFFECTIVE TEMPERATURE (log T, ) 
I I  
3.84 
Figure 3-Curves of constant mass and constant age in a M h o 1  - log Te plane (where X = 0.60, Y = 0.36, and 
Z = 0.04). !he upper limit of the calibrated region correspond to X, = 0 . 1 .  The region of hydrogen burning ex- 
tends OT2 - 0.3 beyond this limit. Curves ofconstantmassareshown for log M/M, equal to 0.25, 0.30, . . ., 0.85. 






















































Zero-age Lines for Six Different Initial Chemical Compositions 
Bolometric Magnitude, M, o, 
X = 0.60 
Y = 0.38 










































X = 0.60 
Y = 0.37 
Z = 0.03 











































X = 0.60 
Y = 0.36 














































X = 0.70 
Y = 0.28 














































X = 0.70 
Y = 0.27 












































X = 0.70 
Y = 0.26 














































Zero-age Lines for Different Values of Relative Hydrogen 






































Bolometric Magnitude, Mbol 
X = 0.70 
Y/Z = 14.0 








X = 0.6 
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Mass-Luminosity Relation on the Zero-age Line for Different Values of 
Relative Hydrogen Content X and Helium-to-Metal R ;io Y/Z 
X = 0.60 








X = 0.60 








Bolometric Magnitude, qol 
X = 0.70 








X = 0.60 








X = 0.70 



















X = 0.70 








the procedure just indicated. The results are to be discussed in a separate investigation. Here 
we wish to mention that the X values generally f a l l  in the range 0.6-0.7, although X values be- 
tween 0.5 and 0.6 do occur. In this connection we refer to results obtained by Eggen (Reference 12) 
for F and G type visual binaries (outside the range of the calibration presented here) in the 
Hyades. Eggen's results suggest a lower X value for the Hyades, around X = 0.5. In this 
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connection it should be noted that our age and mass calibration can be extrapolated without serious 
loss of accuracy to X-values as low as about 0.5. 
AGE AND EFFECTIVE-TEMPERATURE RELATIONSHIPS 
While Table 1 gives log T,, M,, , and stellar age with the arguments log M/& and X,, 
Table 5 presents equivalent information in the form of a tabulation of log T, and A%, 
arguments log(Age) and X,. Thus, Table 1 contains the data for the construction of curves of 
equal mass  in the Hertzsprung-Russell diagram, whereas Table 5 is convenient in drawing curves 
of equal age. We have chosen to tabulate log(Age) rather than Age in Table 5 because interpolation 
is then somewhat more convenient except in the immediate neighborhood of the zero-age line. 
with the 
Figures 1, 2 and 3 illustrate the well-known fact that age determination from log T, and M,, 
is more accurate in the upper par t  of the main-sequence band than in the lower, because the 
distances between lines of equal age generally increase with distance from the zero-age line. 
Figures 1, 2 and 3 also show that the curves of equal age are very nearly straight vertical lines 
in the upper 40 percent of the main-sequence band (i.e., when A q O l  is larger than 0.6 t imes the 
width of the main-sequence band at the effective temperature in question). We shall make use of 
this very convenient feature of the age-calibration curves in the following discussions of age 
determination for stars in the upper 40-percent of the main-sequence band. 
Inspection of the log T, columns of Table 5 shows that the differences between the log T, 
values for the same value of log(Age) (and the same initial chemical composition) but different 
X, values average only a few units in the third decimal place when AM,,,, is larger than 0.6 t imes 
the main-sequence width. Table 6 gives values for log T, as a function of log(Age) which are 
valid to a very good approximation in the upper 40-percent of the main-sequence band. The values 
of log(Age) a re  given for three different compositions, namely, (0.70, 0.27, 0.03), (0.60, 0.37, 0.03) 
and (0.60, 0.36, 0.04). Comparison of the first two log T, columns shows the effect upon the re- 
sulting age of a change in the assumed relative hydrogen content x, while the two last columns 
serve the analogous purpose for the case of change in the relative heavy-element content Z. 
COLOR INDICES AND THE UPPER FORTY PERCENT 
OF THE MAIN-SEQUENCE BAND 
When the temperature scale valid for stars in the upper 40-percent of the main-sequence 
band is known, Table 6 can be converted into a table giving log(Age) as a function of an intrinsic 
color index. For the spectral  range B2 to B8 the relation between T, and the intrinsic color 
index (u - b), of the system of photoelectric uvby photometry (References 21 and 25) has been 
derived on the basis of model-atmosphere calculations (Reference 26). The relation between the 
intrinsic color indices (U - B), and (u - b), is known from observations; hence, the stellar age 
can be tabulated (again for  the upper 40-percent of the main-sequence band) as a function of 
(U - B), or (u - b)o. Table 7 gives the relation between (U - B),, (u - b), and the age for  the 
initial chemical composition (0.70, 0.27, 0.03). 
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Table 5 
Effective Temperature and Difference of Bolometric Magnitude a s  
Related to Age and Convective-Core Hydrogen Content 
































































































































































































































































































































































































(c) X = 0.60, Y = 0.36, Z = 0.04 
x, = 0.20 
[continued) 


































































































































































































































(d) X = 0.70, Y = 0.28, Z = 0.02 
I X, = 0.60 I X, = 0.50 
$% I log T, I AMbo1 I log T, 
I I I 



























































































































































































Table 5 (continued) 


































































































































































































































































































































































































































































Relation Between Age and Effective Temperature.* 















X = 0.60 
Y = 0.37 

































X = 0.60 
Y = 0.36 

































‘Valid for the upper 40 percent of the main-sequence band (AM 
larger than about 1 magnitude), where the relation i s  found to8”,’ 
practically independent of the absolute magnitude. 
Table 7 
Relation Between Color Indices (U-E), and (u-b), 
for the Upper 40 Percent of the Main-Sequence - -  
Band.* 
It is clear that Tables 6 o r  7 can be used 
for age determination of clusters and associ- 
ations that contain stars which have evolved 
into the upper 40-percent of the main-sequence 
band when these stars a r e  in the range of T, 
covered by the tables. We proceed to discuss 
the case of age determination for field stars 
of spectral type B on the basis of photoelectric 
UBV and Hp photometry (References 27 and 28) 
When the location of a star in Crawford’s 
(U - B), - P diagram for B stars (Reference 27) is known the effective temperature T, and the 
bolometric magnitude qol can be evaluated, and the age can be found from Table 1 or  Table 5. 
If the location in the (U - B)o - p diagram is such that the star is in the upper 40-percent part  of 
the main-sequence band, then the corresponding age is practically independent of p ,  and it can be 
found from (U - B)o with the help of Table 7, or  an analogous table valid for the chosen initial 
chemical composition. 
Let us consider now the accuracy of the age determination in the latter case. Assuming the 
probable e r r o r  (p.e.) of (U - B), to be +6101, we find for  B2 - B8 stars, an average p.e. of the 
age equal to 4-percent. If for  the stars in question the r.m.s. deviation of X from an average 
value is 0.05, the corresponding uncertainty of the age according to Table 6 gives a p.e. contri- 
bution of about 2-percent of the age. Similarly, if the r.m.s. deviation of Z from an average value 
is less than o r  equal to 0.01 (Reference 25), then the corresponding probable-error contribution 
is 5 7-percent. 
CONCLUSION 
While this discussion suggests that ages of very satisfactory accuracy can be obtained for  
stars in the favorable region of the Hertzsprung-Russell diagram just considered, it should be 
19 
emphasized that our age calibration has been derived on the assumption that the stars a r e  non- 
rotating and that the structure is not influenced by magnetic fields. Therefore, the actual un- 
certainty may be considerably greater than the uncertainties corresponding to the sources of 
e r ro r  just discussed. Invf$stigations based on precision photometry for stars in clusters and as- 
sociations of the r.m.s. scatter of (U - B)o in the upper 40-percent part  of the main-sequence 
band should contribute to the clarification of this question. 
For A stars later than A2, age determination for  field stars can be carried out in an 
analogous way on the basis of photoelectric uvby and Hp photometry use being made of a c1 - p 
diagram (References 21 and 28). For unreddened stars a c1 - (b - y) diagram serves  the same 
purpose (Reference 25). For stars around A0 the problem is more difficult, but it is solved when 
the location of the star in a (B - V) , - p diagram can be determined (Reference 21). 
Applications of the procedures for age determination of main-sequence B and A stars 
described in this paper a r e  discussed in a separate investigation. 
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